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IN my second Memoir “On the Calculus of Symbols,” I worked out the general case of
multiplication according to one of the two systems of combination of non-commutative
symbols previously given. In the present paper I propose to investigate the general
case of multiplication according to the other system. I commence with the Binomial
Theorem, to which the second system gives rise. In my previous researches I obtained
the general term of the binomial theorem when the symbols combine according to the
first system by equating symbolical coefficients; here, on the other hand, I consider the
nature of the combinations which arise from the symbolical multiplication, and obtain
the general term by summation. I next proceed to the multiplication of binomial
factors. Here the general term is obtained by considering the alteration of weight
undergone by certain symbols in the process of multiplication. The multinomial theo-
rem according to the second system is next considered and its general term calculated.
I conclude the memoir with some applications of the calculus of symbols to successive
differentiation. This paper completes the investigation of symbolical multiplication and
division according to the two systems of combination, the general case of division having
been worked out by Mr. SPoTTISWOODE in a very beautiful memoir recently published in
the Transactions of this Society.
I shall commence with expanding the binomial (#+44(¢))* in terms of =.

I shall put d in place of the symbol ¢ U—% » and write ¢, for @, a—1 a—2 , a—at]

2 3 e a,
Now (7+0g)=7"+0bp. 7w +7lo+4(¢)?,
(74 bp) =7+ (7" + wlom + bo7*) + (4’7 + bpmlp + wg®) + 0¢°.
Hence we evidently have
(7 +le)'=a"+2(7"""0e) + Z(7"*0g") + Z(s"0") + ... ... . ,
where 2(7"d¢") denotes the sum of all the factors in which the symbol (=) occurs (m)
times and the symbol (&) (r) times irrespective of position.
Now if a+b=m,
7 0pm* =lpm™ + b,00pr™ " + b 3%pr™ 2 + b D0pr "+ . . .
Again, if ¢+b+c=m,
7 lpn* o =0g*z™ 4 b,0p00p7™ " + b, 000 0pr™?  + by fedlpr™® ..
+6,08g°7™ " +b,0,00p30p7™ % 4 b,c, 3000 0pr ™ 2 - . . -
+e,  Bhtam2 40,0000 . .
+ Pt ...
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and if ¢4 b +c+e=m, we have
70pr0pm bpm = (dp 'a™ + 0,0e°00p7™ " + 0,050 pm™ > - Dyfp?00pr™ + ..
+ ¢,0e08°7™* + b, 0,0000p00p7™ 2 + b0, 0pd0eb? o™ + ..
+ e dedlPT™ 40,0, 0p0%0p00pm ™ - ..
+ oedlgamt
el 4-b,0,000"pr ™ +bye,00g°00p7 ™ ..
+¢,6,90p8°7™ 2 +b,c,6,00¢00p00p7™ 0+ . .
+ 0000307 4 ..
+ e 0% 2 +,0,8%0°00pr™ > 4 ..
+€,0,0%0p008°z™ "+ ..
+ o3 rmt +..
Hence we see that if a+b4-c+e.... +I=n, the general term of . ... 7*fpn"0on’dpx"
will be
‘ 204,600 U S0p . . . B0hdodp . 7,
where the sum 3 extends to all values of @b, . .., included in the equation
bo+c+ .... +ly=s;
and if () be the number of the factors dp, we shall have
wlg. .. . wtlemtlon’bpm = (0e)'x" + {by(de) ~'0bpto\(Ge) *0(de) +en(de) T¥(bef + . . }am
(B Pl b B (0P es(0eY (0 + . .. b0y ~b0cd0e
+b,6,(0e) (b0l + . ... }a " 4-&e. +3b,0,, .. [0 . Folpdohor™ - . ..,
and hence we shall have ‘
Sam(Gg)y =(fe)m"+{(Bi+bi+ .. )by 00+ (¢l 4. )(G) —*5(6e)* + (6 +-er+. . )(be) ~*D(de) + .. } ="
+ {Oatbs+ . )(Oe) " Fhp+(+G+ . )(0e) T (b)) + . . +(Bidi 06+ . Jldle+ .}t
+ . 32200, [0 . Bl - L L,
where 3, extends to all values of §,c, . . . included in the equation
byt+e,+e+ ... +l,=s,
and 3, to all values of ab¢ included in the equation
a+b+tc+. ... +i=m.

Now the general term of the binomial (z+4f¢)* will be the term involving #* in the
sum of

(7" 0g), Z(7""%6g%), &e.
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Hence we easily see that the coefficient of #* in the binomial is

DI SN 0. L I S ”_“_26600003”°5g3”°9g+2 s ,,_“_36,,00008003”0@B”°9g5509g + ...

+2 B bs,Coy e v [0 L 000" .,

where

a+b+cted.... 1l =n—v
botct.... +Hly=n—p—r.
I shall next investigate the general term of the symbolical product,
(7+0ie)(m+bug)(m+0ee) . . ... (7 4-0,0)-
(7+0,g)(7 +0sg) =+ 76,9+ 6,97 +6,00s¢ ;
(7 +0,0)(m+08,¢ )(w +0y0) =7+ (8,07 + 7b,9m +-705g)
+(bighugm +6,gmbog+ml,g8ig) +0igbielig ;
(m=4-6,g)(m+0ag) (7 +0sg) (7 +0.g) ="+ (b1g7* + whogm" + 700 +70,¢)
+(b1glgm* +01gmlogm+ mhagbogm+6,gm 0,0+ mhagmlig+70g0sg)
+(0,¢8.68507 +6,¢8,078,0 0,070,006 +70,00,00.0) + 8,¢0,00,¢0,0.

Now

Hence we deduce the following law of multiplication in this case.
Consider the symbolical expression

70, (¢)w05,(e)7 0, (0) - - - - - 70, (¢)n*,
where

at+btc+..... +s=n—7r,

a, a+1,

b, = a+b4+2,

¢ = a+b+c+3,

&c. = &ec,,

I, = atbget....+l4r

619

(1.)

and let @, b, ¢, ... s have all the values which can be assigned consistently with equation
(1.); the sum of the symbolical terms thus formed will be that group of the symbolical
product in which the factor = occurs (n—r) times. And by giving (r) the successive

values 0, 1, 2, 8 .. .7, we obtain the entire product, and may write

(7+0,0)(m+b)(m+0s) - . ... (7r+6,,g)=7r”+291g7r""+29,g02g7r”"2+29,g0,g93gw”‘3+ e

42,6000 . .. .. bor™ 4 ..y

where 38,7, &c. are the groups we have just considered.
442
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Now if ¢, ¢, § are any functions of (¢), and a-b-+c¢-+e=1m, we have
w Y @rint =Yobrm+ 0 Ygdirmt  +bb@drm 2 ...
+ebdglr™t b ddedinrm 4 ..

FePphrm? A L.

+edYebr™t  +-be e ..

+c.e b2 . ..
Feebrm? ...
where &,, ¢,, &c. have their original significations. ‘

Hence we see that the general term of 78, .....#%,_ ()b, _en"8,¢ . 7° is

SBu0e, - U003 0, ()30, (0 )5,

a+b+cte+... 1 =m,
botcoteot - . Fl=s;
hence the general term of 38,00,00:¢ . .. 6,¢7™ is

where

2,,.2.,66.,000 s lzobl"en-le ve a8°6r+e+...+z—2(€)- Bc°9r+c+e+...1-1(2)36°9r+b+a+e; +1(Q)7’m_8;
and we find the symbolical coefficient of #* in (w4-0,¢)(7+0be)(7+0se). . . (7+0,¢) to be

SRR L N 0 WIS S NN L £ WS SN SO Y 0 N 0) - C O )

+&c‘+2n—v2n—u—vbboccoeeo v Zzoal°61+l(€) vee 80’6v+e+-..l-—-2(e)5%9v+c+e+...l—1(@)8509v+b+c+a+...+l(€)+&c'
where a+b dc ...+l =n—y,
»bo+co-|- e +l=n—p—r.
Let us now expand the binomial (#*46(¢)x)”. We might of course do this by putting
bo=b=0e=...
b0 ="0,06=0;=0
in the previous investigation, but we shall proceed as follows :—
(740 . 7w =m"4-3(7*)" " (be . r)+2(rg)"“2(9g L& +-3(7) (b w) 4.,
and the general term of 3(x*)"(fg . 7)" will be
3,2:(2041),(2¢4-1),, ... . (20),0%g .. . 3uhgBhgmamtr-2,
a+b+c+.... +1l=m,
‘ bo+60+ ceee +l°=8,
and the symbolical coefficient of 7 in the binomial will be

S oo 20)008(0)+ B sZan o 26+ 1) (20030 (e) + - .
+Z B (20H 1) (204 1), o (2030 . D0,

where
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where

a+b+c+ ...+l =n—y,
bo+00+ v F0=2n—p—.
To determine the general term in the expansion of the multinomial expression
(G ML G SN s N s O 8
This reduces itself to finding the symbolical coefficient of #* in the expression
() (bgm P lgm Y

where ¢+B+y+....=m, and 7", §,g7"", &c. are combined in every possible way so
that #” should occur («) times, 8,g#"~' () times, f,e7"~? (y) times, &c. irrespective of"
position,—or, in other words, to determining the symbolical coefficient of #* in the

expression
rml(glgwn—1)B,(@zg”m—2)71(93e7rn—3)§\ .. rnug(glgwn—1)Bz(gzgwn—z)yz(gsgﬂ.n—3)(, .. 7""“3(61 gﬂ_n—])ﬁa(e2 37"”—2)73(9327 _3)13 .
where
o oo+ ... =0,
ﬁl+l32+ﬁs+ D) =ﬁ,
Yit+vatvs+ ... =y, &e.

Now the symbolical coefficient of
mn—(B+2y43¢+ ... )—s
in the preceding expression will be as follows :—

S .. (n—3)g(n—3)y" .. (¥, factors)(n—2),/(n—2),: . . (v, factors)(n—1)g(n—1)g . . (B; factors)(nw,): . .
(n—38)g(n—3)z:. . (&, factors)(n—2),((n—2),: .. (v, factors)(n—1)g(n—1)g" . . (8, factors)(nex,).. . .
(n—38)z(n—38)z .. (¢, factors)(n—2),(n—2),:. . (y, factors)(n—1)g(n—1)g . . (B, factors)(na, )a:

3 9,@3‘3 ) 0,00" 4 be.. O GQgB"'” 10,0 o4 10,0 ..
3% 0,00% 0,65% 10 . . . 32 6,0% 62g b
3% 9,@3% 9,@5/3;; 919 . 0% 0,00 92g % 93g, ... &c.,
where the sum of the indices of 3 must equal (s).
From this expression, by putting
mm—(B+2y+35+ . ... )—s=pw,

the symbolical coefficient of #* in the expression of the given multinomial may be
immediately deduced.

There are certain methods of expressing the dlfferentlal coefficients of implicit
functions by means of symbolical notation which I notice in this place, as the method
of summation employed for that purpose is similar to some of the symbolical summa-
tions we have already considered in this paper.
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Let F(z, y) be a function of # and ¥, y being a function of (), and y,, ¥s, ¥s .. .+

successive differential coefficients of (y). Then

dF _dF | dF
&=t Y

d2F  d°F d?F d*F dF
24 w2+ dwdy ¥+ dye.%'l‘dyyz,

d°F _d°F  , d°F
=55 T35y 4r+3 dxdyﬂy‘+dy33/‘+3dxdy”’+3dzf y‘%'"d?/y“’

d‘F  d*F d*‘F
it = A +4 msdy91+6dwdy2yx+4 xedysyx'l' dy"'yg

d3F a*F
Now let U;, , be the coefficient of w0 d - Fin the expansion of & —-- Then
a¥ _ &'F dF -1 &F r—1 r—2 4F
=& T EEg T T et T S s i

-1 dr=1F —2)(r—38) dr-'F
"‘T'Lz-%{m"‘( ~2) g 3dy9y‘+(r = )dx'—‘*dsy‘_'_&c}

d-?F Ur— ar—2F Ur-—z dr—2F r—2

+ d.z”"3dy 'r—s,l+ ‘h,,._% 5 Yr—4,2 mg r—5,3+

dr—3F r—3 dr—3F r—3
dxr—2dy r—4,1 dw""5dy2 r—5,2

dr—+F »—
+ dz¢_5d Ur-—5,1+ &c’
We easily obtain this law of coefficients,
d
U:n,‘n=% UZ,—;)‘['%UZ,—;L"' m-—l n?
whence
r d P P e
Uo,n=d—5 Uo,nl+yx Uo, nl—l
=1 U+ (ot ) Uity Unt,
ds '1-..3 p— d P P
=3 Uo,n+2<d72 yl) Uo, :—1+2<% y?) Uo, :—2+y?Uo, :—s
dwr—l Uclv, n+2(d‘z¢-—2 .%) Uo, n=1

dr=v=1

+3(Gmt) Usnart . +3(fmmms 1) U wesrb e

the
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Let n—v=1, then U} ,_,=TU; ,=y,, and U; ,=1U; ,_.,=&c.=0. Hence
r dr—n
Uo.n=2<Wyl l)ya

where 3 ( j;:_n,, y’l‘“‘) denotes the sum of all the symbolical products in which % occurs

r—mn times, and y, (n—1) times.
We have

”* d - {r— r—
Ul,n=% U'x,nl +le:,n}—)1+Uo,nla

from which, substituting for U;, the value just obtained, U}, may be found in a similar
manner, and so we may proceed. I shall not, however, enter upon these higher coeffi-
cients, my object being principally to call attention to the use of symbolical expressions
in expansions of this nature.

The subject of implicit differentiation has been treated by Mr. Grorer Scorr of
Trinity College, Dublin, in a very elegant paper in the Quarterly Journal of Mathe-
matics, vol. iv. p. 77. His results have great generality, but do not appear to include
the above.



